Abstract We show that for every edge ideal of a forest, the arithmetical rank equals the projective dimension.
Introduction
Given a polynomial ring R over a field, and a graph G having the set of indeterminates as its vertex set, one can associate with G a monomial ideal of R: this ideal is generated by the products of the vertices of each edge of G, and is hence generated by squarefree quadratic monomials. It is called the edge ideal of G, and was first introduced by Simis, Vasconcelos and Villarreal [8] . It is interesting to derive algebraic invariants of this ideal from the combinatorial properties of graph G. An extensive treatment of this kind is contained in the PhD thesis of Jacques [4] , where the modules of the free resolutions of edge ideals are completely determined by means of a recursive construction. In a recent work [3] , Corso and Nagel give a closed formula for the Betti numbers of the edge ideals of a special class of bipartite graphs, the so-called Ferrers graphs. The same problem has been studied for the more general case of hypergraphs by Tai Ha and van Tuyl in [9] . As an application of the results in [3] , in [2] it is shown that for the edge ideals of Ferrers graphs, the arithmetical rank (ara), i.e., the least number of elements of R which generate the ideal up to radical, is equal to the projective dimension (pd), i.e., to the length of every minimal free resolution of the quotient of R with respect to the ideal. In the present paper the same property is proven for the edge ideals of acyclic graphs, the so-called forests; from [4] we know that in this case the projective dimension does not depend on the ground field (see also [5] ). We also give some classes of forests for which the arithmetical rank coincides with the general upper bound which was determined in [1] for squarefree monomial ideals. Furthermore, we show that this upper bound can be re-formulated in terms of the number of edges and the degrees of the vertices of the graph. It is worth pointing out that the computation of the arithmetical rank of an ideal in a polynomial ring is, in general, an open problem. For squarefree monomial ideals, a lower bound is provided by the projective dimension, but there are not many known examples where this is the actual value of the arithmetical rank; some of them were classified by Terai and can be found in [10] and [11] .
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On the arithmetical rank of monomial ideals
Consider the polynomial ring R = K[x 1 , . . . , x n ], where K is a field. We recall some results on the arithmetical rank of the ideals in R that are generated by monomials. Since the arithmetical rank does not change when an ideal is replaced by its radical, we can restrict our study to ideals generated by squarefree monomials. A finite set of elements of R which generate a given ideal up to radical can be constructed according to the following well-known criterion, which is due to Schmitt and Vogel. We set
, where e(p) ≥ 1 are arbitrary integers. We will write (P ) for the ideal of R generated by the elements of P . Then we get (P ) = (q 0 , . . . , q r ).
In [1] the above result is used to provide a general upper bound for the arithmetical rank of any squarefree monomial ideal I of R. Let M = {f 1 , . . . , f s } be the set of its minimal monomial generators. Set µ(I) = |M | = s. Let I 1 , . . . , I r be the minimal primes of I, so that I = ∩ r j=1 I j . Moreover, for all i = 1, . . . , s define
and
Finally, for all j = 1, . . . , r, set
In [1] , Proposition 1, it is shown that ara I ≤ µ(I) − ν(I) + 1.
The above upper bound can be rewritten in different way, which, as we will see later, emphasizes its combinatorial character. In fact we have the following:
Proof .-We prove the two inequalities. First we show that ν ≥ ρ. Without loss of generality we may assume that ρ = ρ 1 . For all j = 1, . . . , r, there is a variable x kj ∈ I j such that x kj divides f 1 . Now, by (1) and (3), for all j = 1 . . . , r we have that
By (2) this implies that ν ≥ ρ, as required. Next we show that ν ≤ ρ. For all j = 1, . . . , s let x hj be a variable dividing f j and such that ρ j = |M hj |. Then I ⊂ (x h1 , . . . , x hs ). Hence we may assume that I 1 ⊂ (x h1 , . . . , x hs ). Then by (2), (1) and (4),
This completes the proof of the claim.
From [6] we know that, for any squarefree monomial ideal I, the following inequality holds:
Moreover, in view of (5) and Proposition 1, we have
Remark 1 Suppose that all f j have degree 2. In this case I has a natural combinatorial interpretation. It can be associated with the graph G on the vertex set {x 1 , . . . , x n } whose set of edges is
Then I is the edge ideal of graph G, and we will denote it by I(G). We have that µ(I) = |E(G)|, and
In the next section we will determine the arithmetical ranks of the edge ideals of forests. We will show that equality always holds in (6) . In the last section we will also present some examples where equality holds in (7), too.
The edge ideals of forests
In the sequel, T will be a forest. We consider the edge ideal I(T ) of T in the polynomial ring
, where V is the vertex set of T . For the proof of our main theorem we need two preliminary results on forests, which are due to Jacques and Katzman [5] . With respect to the notation of Proposition 2, let T ′ be the subgraph of T spanned by V \ {v n−1 }, and let T ′′ be the subgraph of T spanned by V \ {v, v 1 , . . . , v n }. Note that T ′ and T ′′ are forests. 
Our main result is the following.
Theorem 1 Let T be a forest. Then pd I(T ) = ara I(T ).
Proof .-First assume that all vertices of T have degree at most one. Then E(T ) consists of pairwise disjoint edges and/or isolated vertices, and, consequently, I(T ) is generated by a regular sequence of quadratic monomials. Hence I(T ) is a complete intersection, and the claim is true. Now assume that T has one vertex of degree greater than one. By Proposition 2 there is one vertex v of T with neighbours v 1 , . . . , v n , where n ≥ 2 and v 1 , . . . , v n−1 have degree one. Let w 1 , . . . , w m be the neighbours of v n other than v, and consider the subgraphs T ′ and T ′′ defined above. Set a ′ = ara I(T ′ ), a ′′ = ara I(T ′′ ), and
We show that a = ara I(T ), and that there are q 0 , . . . q a−1 ∈ R generating I(T ) up to radical, where
q n−1 = vv n−1 + v n w n−1 ; -if m < n − 1,
q m+1 = vv m+1 . . . 
. . .
Set k = m if m > n − 2 and k = n − 2 if m ≤ n − 2. Since q ′ 0 = vv n divides all products vv i · v n w i , in both cases, by Lemma 1
If m > n − 2, set q n−1 = vv n−1 + v n w n−1 , and q i = q ′ i for all indices i = 0, . . . , a ′ − 1, i = n − 1. Then, since vv n divides vv n−1 · v n w n−1 , by Lemma 1 and (12), we have that (q 0 , . . . , q m ) = (q ′ 0 , . . . , q ′ n−2 , q n−1 , q ′ n , . . . , q ′ m ) = (vv 1 , . . . , vv n−2 , vv n−1 , vv n , v n w 1 , . . . , v n w m ).
(13)
Since the inclusion (q 0 , . . . , q a ′ −1 ) ⊂ I(T ) is evident, we have thus proven that equality holds, i.e., if m ≥ n − 1, I(T ) is generated, up to radical, by the following a ′ elements:
where by (12) = (q 0 , . . . , q n−2 , q n−1 ) + (q ′′ 0 , . . . , q ′′ a ′′ −1 ), which shows that, if m < n − 1, I(T ) is generated, up to radical, by the following a ′′ + n elements:
where q 0 , . . . , q n−2 , q n−1 are of the required form (11) . We conclude that -in view of (14), if m ≥ n − 1, ara
Hence, in any case, by (8) ,
We now prove that ara I(T ) = pd I(T ). We again proceed by induction on the number N of vertices of T . For N = 3, we have seen at the beginning of the proof that I(T ) = (vv 1 , vv 2 ), so that ara I(T ) = pd I(T ) = 2. So suppose that N ≥ 4 and that the claim is true for all smaller values. By induction we have that p ′ = pd I(T ′ ) = a ′ and p ′′ = pd I(T ′′ ) = a ′′ , whence, in view of (8), Proposition 3 and (6), a = max{p
Relations (16) and (17) complete the proof of the claim.
Some examples
In this section the above results are applied to some special classes of trees.
Double-star graphs
Let r, s be non negative integers, and let T r,s be the graph on the vertex set {a, b, x 1 , . . . , x r , y 1 , . . . , y s } whose set of edges is
We will call T r,s a double-star graph. It is depicted in Fig. 1 .
We consider the edge ideal I(T r,s ) of T r,s in the polynomial ring
The minimal set of monomial generators of I(T r,s ) is ab, ax 1 , . . . , ax r , by 1 , . . . , by s .
It has r + s + 1 elements. According to [4] , Example 2.1.7, pd I(T r,s ) = max{r, s} + 1.
By virtue of Theorem 1, it follows that ara I(T r,s ) = max{r, s} + 1.
In T r,s all vertices x 1 , . . . , x r and y 1 , . . . , y s have degree 1. Therefore, with respect to the notation introduced in Section 1, and in view of Remark 1,
Consequently,
From (19) and (20) we see that, for the edge ideal of any double-star graph, equality holds in (7), i.e., the upper bound given in Proposition 1 is sharp. Using Lemma 1 one can easily prove that -if r ≤ s, then I(T r,s ) is generated up to radical by If s = 0, then T r,s is the star-graph S r+1 . Some examples are depicted in Fig. 2 .
We have ara I(S r+1 ) = pd I(S r+1 ) = µ(I(S r+1 )) − ρ(I(S r+1 )) + 1 = r + 1.
Line graphs
The star graph S 1 is a graph with one edge only. It is the simplest example of line graph: for every integer n ≥ 2, let be L n the graph on the vertex set {x 1 , . . . , x n } whose set of edges is
Some examples are depicted in Fig. 3 .
The projective dimension of L n has been completely determined in [4] , Corollary 7.7.35. We have to distinguish between three cases, depending on the residue of n modulo 3. In each case, we make use of Lemma 1 for determining elements generating ideal I(L n ) up to radical.
-If n = 3m for some integer m, then pd I(L n ) = ara I(L n ) = 2m and I(L n ) is generated up to radical by:
x 2 x 3 , x 1 x 2 + x 3 x 4 , . . .
x 3k−1 x 3k , x 3k−2 x 3k−1 + x 3k x 3k+1 , . . .
x 3m−4 x 3m−3 , x 3m−5 x 3m−4 + x 3m−3 x 3m−2 , x 3m−2 x 3m−1 , x 3m−1 x 3m .
-If n = 3m + 1 for some integer m, then pd I(L n ) = ara I(L n ) = 2m and I(L n ) is generated up to radical by:
x 3m−1 x 3m , x 3m−2 x 3m−1 + x 3m x 3m+1 .
-If n = 3m+2 for some integer m, then pd I(L n ) = ara I(L n ) = 2m+1 and I(L n ) is generated up to radical by:
x 3m−1 x 3m , x 3m−2 x 3m−1 + x 3m x 3m+1 , x 3m+1 x 3m+2 .
Note that, for all n ≥ 2, µ(I(L n )) = n − 1, whereas ρ(I(L 2 )) = ρ(I(L 3 )) = 1, and ρ(I(L n )) = 2 for all n ≥ 4. An elementary computation shows that equality holds in (7) for I(L n ), i.e., ara I(L n ) = µ(I(L n )) − ρ(I(L n )) + 1, if and only if 2 ≤ n ≤ 6. In all the other cases the inequality is strict.
